We calculate the torus partition sum of a general CF T 2 with left and right moving conserved currents J and J, perturbed by a combination of the irrelevant operators T T , JT and T J. We use string theory techniques to write it as an integral transform of the partition sum of the unperturbed CFT with chemical potentials for the left and right moving conserved charges. The resulting expression transforms in the right way under the modular group, and reproduces the known spectrum of these models.
Introduction
An interesting recent development in Quantum Field Theory (QFT) is the discovery of a class of theories that can be thought of as irrelevant deformations of two dimensional Conformal Field Theories (CFT's), or more generally of Renormalization Group (RG) flows connecting such CFT's. One reason for the interest in these theories is that unlike general irrelevant deformations, they seem to be well defined (in some region in their parameter space). The usual ambiguity in flowing up the RG is eliminated by using symmetries, a mechanism that might be of more general interest. Another reason is that these theories typically have a Hagedorn high energy density of states, i.e. they do not approach a fixed point of the RG in the UV. The Hagedorn entropy and other considerations suggest that these theories are non-local.
So far, one of the main results on these theories has been their spectrum on a circle.
The original work of [1, 2] was on theories obtained by deforming a CFT by a bilinear in stress-tensors (the so-called T T deformations). That work was generalized to deformations that are products of a conserved U (1) current and a stress-tensor (JT deformations) [3] [4] [5] , and more recently to a general linear combination of T T , JT , and T J [6, 7] .
Another observable that has been discussed in these theories is the partition sum on the torus. We can parametrize the torus by a complex coordinate
with the identifications γ ∼ γ + 2π, γ ∼ γ + 2πζ, (1.2) where
is the modulus of the torus. The overall scale of the torus is R, i.e. the metric on the torus is
As is standard in QFT, the partition sum of the theory on the torus (1.1) -(1.4), Z(ζ, ζ, R),
can be written as Z(ζ, ζ, R) = Tre −2πζ 2 RE+2πiζ 1 RP , (1.5) where the trace runs over all the eigenstates of the Hamiltonian, P is the momentum of the states, which satisfies the property n = P R ∈ Z, and E is the energy of the states.
Of course, once the spectrum is known, the partition sum (1.5) can in principle be computed exactly, but it is an interesting observable for a number of reasons. First, one expects on general grounds that it should be modular invariant, if one takes the coupling of the theory to transform appropriately [8] . Verifying this transformation property provides a nice check on the spectrum. Second, it is interesting to see the implications of the nonlocality of the theory on the behavior of the partition sum, especially in limits in which the torus (1.1) -(1.4) becomes small.
The partition sum (1.5) was calculated for the case of T T deformed CFT in [9] [10] [11] 8] ,
and for JT deformed CFT in [12] , and these calculations provided some insights into these theories. It is interesting to perform this calculation for the general case, where all the couplings are present. In this paper we will do this.
One of the main points of the paper is the method we will use to perform the calculation, since it has additional applications, that will be explored in [13] . Thus, we next briefly describe it.
As mentioned above, the construction of T T , JT , and T J deformed CFT relies heavily on symmetries. A related fact is that the spectrum of these theories is universal, in the sense that the energies of the states in the deformed theory depend in a universal way on the energies, momenta and charges of the corresponding states in the undeformed theory, and on the couplings. This feature was systematically exploited in [8, 12] , to study the partition sum of T T and JT deformed CFT's.
Therefore, if we can calculate the partition sum of the general deformed theories for a class of initial CFT's which have the appropriate symmetries, the result of the calculation must be valid in general. In fact, we have access to a large class of CFT's which have precisely the right properties. This class comes from the holographic duality between string theory on AdS 3 and certain CF T 2 's. It was used in previous work to determine the spectrum of these theories [14, 15, 4, 7] . In this paper we will use it to compute their torus partition functions.
In the next section we briefly review the features of AdS 3 /CF T 2 and its deformations that will play a role in our discussion, and then turn to the calculation of the torus partition sum.
Some aspects of AdS 3 /CF T 2 and its deformations
Since this subject has been discussed in detail before (see e.g. [7] ), we will be brief here. The class of theories we will be interested in is type II string theory 1 on
where N is a compact (worldsheet) CFT. The worldsheet theory on AdS 3 has left and right-moving SL(2, IR) current algebras, with total level k. This level determines the size of the anti de-Sitter space, R AdS = √ kl s . The CFT N also depends on k. For example, its central charge depends on k due to the consistency conditions of string theory.
A prototypical example of the above construction is the near-horizon geometry of k NS5-branes wrapped around T 4 × S 1 and p fundamental strings wrapped around the S 1 , which leads to a background of the form (2.1), with N = S 3 × T 4 . The level of both SL(2, IR) and SU (2) current algebras is equal to k (both for the left and right-movers), and the string coupling is g 2 s ∼ 1/p. Note that in this paper we are discussing AdS 3 backgrounds (2.1) that are supported by NS B-field, under which fundamental strings and NS fivebranes are electrically and magnetically charged, respectively.
The AdS 3 /CF T 2 duality relates string theory on (2.1) to a two dimensional CFT. A lot is known about this duality, but in general, given a choice of N it is not known what is the dual CFT. A useful fact for our purposes is that a sector of the boundary CFT is well understood. The sector in question is the long string sector, which we describe next.
String theory on AdS 3 with NS B-field has a spectrum that consists of some discrete states followed by a continuum above a gap. This continuum can be thought of as describing fundamental strings that are moving with arbitrary momentum in the radial direction of AdS 3 , while wrapping the boundary circle. The long string states are described by the
6k is the sigma model
IR φ is a linear dilaton theory, with slope hold. The situation is similar to that in other non-compact CFT's, such as Liouville theory and the cigar CFT, SL(2, IR)/U (1), where the spectrum of scattering states can be computed by studying the theory far from a wall, but correlation functions are sensitive to the structure of the wall.
In order to study JT and T J deformations, we need the compact CFT N in the AdS 3 background (2.1) to contain worldsheet left and right-moving U (1) currents, K(z), K(z) [16, 17] . One way to do this, that is sufficient for our purposes, is to take N to have the form
Parametrizing the S 1 by a compact coordinate y, we have K(z) = i∂y, K = i∂y. Of course, this is a special case of a more general construction. From our perspective, other constructions differ from this one by the spectrum of charges in the undeformed theory.
Our main interest is in the dependence of the deformed energies on the undeformed charges (and other quantum numbers), which is universal.
It has been shown in [14, 4, 7] that deforming the worldsheet theory on AdS 3 × S 1 × N by the combination of current bilinears
is equivalent in the CFT of long strings (2.2), (2.3), to deforming the building block of the symmetric product, M
6k , by adding to its Lagrangian the combination of irrelevant couplings
) is the worldsheet SL(2, IR) L current, whose zero mode gives the SL(2, IR) L generator L −1 in the boundary Virasoro algebra [16, 17] . J(x) is the U (1) current in the boundary theory associated with K(z) via the construction of [16, 17] . The spacetime couplings (t, µ ± ) are proportional to the worldsheet couplings (λ, ǫ ± ). The precise relation can be obtained, for example, by comparing the results in special cases, such as pure T T and JT .
The worldsheet description (2.6) is useful since current-current (generalized abelian Thirring) deformations are well understood. In [7] it was used to obtain the spectrum of the deformed theories (2.7) as a function of the couplings. An important tool in this analysis was the structure of the sigma model obtained by deforming AdS 3 × S 1 × N by (2.6). It is given by
where
There is also a (four dimensional) dilaton background,
For λ = ǫ ± = 0, the background (2.8) -(2.10) reduces to AdS 3 × S 1 (the factor N in the background (2.5) is a spectator under this deformation, and we don't write it in (2.8)).
For λ > 0, ǫ ± = 0, this background, which was referred to in [18, 14] as M 3 , interpolates between a linear dilaton spacetime, which can be interpreted as a vacuum of Little String Theory (LST), in the UV (large positive φ), and an AdS 3 background obtained by adding to the LST p fundamental strings and going to long distances at large negative φ. For λ = ǫ − = 0, the background is a null warped AdS 3 background, which is dual to JT deformed CFT. It was studied using field theoretic techniques in [3, 4] , and using the single trace holographic description discussed here in [4, 5] .
Since long strings live everywhere in the radial direction φ, to compute their spectrum one can send φ → ∞ in (2.8). This leads to a free worldsheet theory, whose spectrum can be analyzed using standard methods [7] .
Our purpose here will be to repeat the analysis of [7] for the torus partition sum. On general grounds, we know that:
(1) By definition, the partition sum of string theory in the background (2.8), with the coordinates (γ, γ) parametrizing a torus (1.1) -(1.4), gives the trace (1.5) over the spectrum found in [7] .
(2) Since the spectrum computed in [7] is that of free strings, the calculation we need to do is that on a worldsheet torus (not to be confused with the target space torus of point (1)).
(3) The computation described above is guaranteed to give a modular invariant answer.
(4) Due to universality, we must be able to write the answer in a way that is applicable for deforming an arbitrary CFT by (2.7).
In the rest of the paper, we will perform the calculation of the torus partition sum in the background (2.8). In the next section we start, as a warm-up exercise and to demonstrate the technique, with the case of pure T T deformation (i.e. the case ǫ ± = 0 in (2.6), and .7)). In that case, we reproduce previously known results from our point of view. In the following section we generalize the calculation to arbitrary ǫ ± (2.6).
The torus partition function of T T deformed CFT
As explained in the previous section, for the case ǫ ± = 0, the long string sector of the boundary CFT, (2.2), (2.3), is holographically dual to string theory on M × N , where N is the compact CFT defined in (2.1), and M is a sigma model on the background
Note that in eq. (3.1):
(1) The worldhseet coordinate z parametrizes a torus with modulus τ , i.e. it is identified as z ∼ z + 2π, z ∼ z + 2πτ .
(2) The integration measure is given by
(3) We have normalized the action slightly differently than in (2.8), which corresponds to a different normalization of the parameter λ in (2.8) and (3.1).
To calculate the partition sum of the dual theory on a torus, we identify the boundary coordinates (γ, γ) as in ( 1.2), and compute the partition sum of string theory on M × N on a worldsheet torus. The discussion of the previous section implies that the result should
give the partition sum of the symmetric product theory (2.2) -(2.4), with the building block (2.3) T T deformed. Via universality, we can read off from it the partition sum of any T T deformed CFT.
Before we start the calculation, a word on normalizations. The normalization of the first term in (3.1) enters the result in a subtle way. The partition sum of φ, both on the worldsheet torus, and on the target space torus, is proportional to the range of the φ coordinate which, in the approximation we are using, is infinite. To perform the calculation, one needs to introduce UV and IR cutoffs, and it is easy to see that once this is done, the normalization of φ enters through an overall multiplicative factor. We will not be careful about this factor here, since this is not necessary for our purposes.
The normalization of the second term in (3.1) defines the (dimensionless) coupling λ, the T T coupling in the block of the symmetric product. This definition might differ from other ones by a rescaling, which can be fixed e.g. by comparing the resulting energies.
The worldsheet partition sum of string theory on M × N can be written as
where Z γ is the partition sum of the fields (γ, γ) (and their superpartners), Z ⊥ is the partition sum on IR φ × N , and Z gh is the partition sum of the (super) conformal ghosts.
All partition sums in (3.2) are functions of the modulus of the worldsheet torus, (τ, τ), and
Z ws needs to be integrated over all inequivalent values of the moduli.
As is standard in string theory, the ghost partition sum, Z gh , cancels the contribution of two towers of oscillators of the matter partition sum, Z γ Z ⊥ . One can take these towers to be those associated with (γ, γ). After this is done, the only remaining contribution of (γ, γ) to the partition sum comes from their zero modes. We can think of the zero mode contribution as a sum of contributions from maps from the worldsheet torus (with modulus τ ) to the spacetime one (with modulus ζ).
Parametrizing the worldsheet torus by the coordinates (z, z), with
and
these maps are given by [19] 
Plugging (3.5) into (3.1), we find the action
Combining all the elements, we find that the partition sum (1.5) is given by
Here F is a fundamental domain of the modular group, and the sum over (m i , w i ) runs over all integers. The prefactor in front of the sum comes from the Gaussian path integral over (γ, γ). It can be read off the textbook analysis of [19] (equations (7.3.6), (8.2.11),
generalized from the case of S 1 to T 2 target). One can also determine it by demanding that the integral (3.7) can be written as a trace (with integer coefficients) over the spectrum of the deformed theory.
In our discussion so far, we have omitted an important element. The target space coordinates (γ, γ) live on a torus (1.2), but string theory on a two-torus has four real moduli, and we have accounted for only three of them, the modulus ζ (1.3), and the size R (1.4). The fourth modulus is the NS B-field. Actually, the background (3.1) already includes a non-zero B-field:
The B-field is critical, in the sense that the energy of a string winding around the circle (in Lorentzian signature) is zero, with the energy due to winding exactly canceling against the contribution of the B-field. One can add to the action another term, which changes the B-field from this critical value,
Plugging (3.5) into (3.9), we find that the coupling B gives an additional multiplicative contribution to the r.h.s. of (3.7), that takes the form exp(−2πi BN ), where
Thus, the partition sum (3.7), depends on one more coupling, Z = Z(ζ, ζ, λ, B), and the dependence on this coupling is periodic, Z(ζ, ζ, λ, B + 1) = Z(ζ, ζ, λ, B).
By Fourier transforming Z in B, we can focus on the contribution to the sum in (3.7)
with a given value of N . We will focus here on the contribution with N = 1. Higher values of N are interesting as well, and will be discussed in [13] .
The partition sum Z(ζ, ζ, λ, B) is invariant under the modular transformations
This SL(2, Z) symmetry is part of the SO(2, 2; Z) T-duality group of string theory on a two-torus (see [20] for a review). The B-field does not transform under this symmetry.
Hence, the Fourier components of the partition sum, which are given by the sum (3. 7) with fixed N (3.10), are modular invariant as well.
To recapitulate, we conclude that the partition sum of string theory on M×N is given by (3.7), and we can restrict the sum over the windings (m i , w i ) to satisfy N = 1, with N given by (3.10). The dual CFT (before the deformation) is given by (2.2) -(2.4), and imposing the constraint N = 1 in the string theory corresponds in that CFT to restricting to states in the building block of the symmetric product M (L) 6k (2.3), [13] . The partition sum of the CFT M (L) 6k is given by Z ⊥ above. Therefore, using universality, we can write our final expression for the partition sum of the theory obtained by T T deforming an arbitrary CFT, with partition sum Z cft
To simplify the expression (3.12) further, one can use the fact that Z cft (τ, τ) is modular invariant, and modular transformations act on (m 1 , w 1 , m 2 , w 2 ) by permuting them, while keeping N (3.10) fixed. These properties can be used to trade the sum in (3.12) with an integral over the fundamental domain F , for an integral over the whole upper half plane, H + , with (m i , w i ) set to a particular value with N = 1.
A convenient value to take is
Plugging (3.13) into (3.12), and using (3.6), we find
(3.14)
The expression (3.14) agrees with previous studies of the torus partition function of T T deformed CFT [9, 10] . For instance, one can obtain it by manipulating (52) of [10] . However, the origin of this expression, and in particular that of the modulus τ , seems to be different in the two cases. In our case, τ is the modulus of the worldsheet torus in a holographic description, whereas in [10] holography does not seem to play a role, and τ arises from the two dimensional (JT) gravitational description of the deformed theory.
Expression (3.14) is also related to the results of [8] . Indeed, it gives the partition sum of the deformed theory as a convolution of the undeformed partition sum with the kernel
This kernel satisfies the differential equation
for all τ . As a result, the partition function (3.14) satisfies the same differential equation, in agreement with eq. (3.1) in [8] . Since (3.15) approaches a δ function as λ → 0, (3.14)
satisfies the initial condition (3.2) in [8] as well. The above discussion can be used to determine the relation between the coupling λ defined here, and the one defined in [8] .
One finds λ here = π 2 λ there .
We finish this section with a few comments about the expression (3.14):
(1) The integral (3.14) is only convergent for λ > 0, the region in which the model is well defined non-perturbatively [8] . For negative λ, the kernel (3.15) is highly non-normalizable, and the integral (3.14) is highly divergent. This is related to the non-perturbative ambiguities found in [8] .
(2) The partition sum of the deformed theory is obtained by smearing that of the undeformed theory over a region whose size grows as the coupling λ increases. This is the way that the torus partition sum exhibits the non-locality of the theory, and the fact that the non-locality scale is proportional to √ λ.
(3) It makes the behavior of the partition function Z under modular transformations manifest. Indeed, the r.h.s. of (3.14) is a product of four components, each of which is invariant under the SL(2, Z) transformation 17) which implies, among other things,
Thus, the partition function (3.14) satisfies 19) as expected [8] .
(4) Equation (3.14) can also be used to infer the deformed spectrum in terms of the undeformed one. The partition sum of the undeformed theory can be written as
Plugging (3.20) into (3.14), and performing the τ integral using the identity
we find
in agreement with [8] . Note that for vanishing undeformed energy and momentum, one finds that the deformed energy vanishes as well. In the AdS 3 /CF T 2 context, this state describes a string that winds around the boundary circle without any excitations.
The cancellation between the two terms on the r.h.s. of (3.23) for it is the cancellation mentioned above between the Nambu-Goto contribution to the energy, and that of the (critical) B-field, see the discussion around (3.8).
The torus partition function for general couplings
The discussion of section 3 can be extended to the case of general couplings (λ, ǫ ± ) in (2.8). Since this background mixes the deformed field theory base space coordinates (γ, γ)
with the target space coordinate y, we need to be more careful about the factor Z ⊥ in the worldsheet partition sum (3.2). Using (2.5), we can write it as
The first two factors are insensitive to the deformation (2.8). The last factor is modified, due to the mixing of y with (γ, γ), but in a way that is familiar from the treatment of the Narain moduli space of string theory compactified on a torus (see e.g. [20] ). As there, the oscillator contribution to the partition sum of (γ, γ, y) is not affected (it is given, as usual, by 1/|η(τ )| 6 for the bosons and the standard expression in terms of θ functions for the fermions)), and we only need to track the zero mode contribution. This can be done in a very similar way to our discussion of (γ, γ) in the previous section.
If y lives on a circle of radius r, the analog of (3.5) for it is
Thus, ∂y, ∂y are independent of z, like the derivatives of γ, γ in section 3. As there, to evaluate the zero mode contribution to the partition sum, we need to plug (3.5), (4.2) into the worldsheet action (2.8), evaluated at large φ, and sum exp(−S {m i ,w i } ) over all
To see what this procedure gives, one can proceed as follows. The worldsheet Lagrangian for (γ, γ, y) that follows from (2.8) can be written as
is the value of (2.9) at φ → ∞, and again, as in (3.1), we used a different normalization than in (2.8).
We split the path integral into the contribution of the non-zero modes and that of the zero modes of all the fields. As mentioned above, the only part of the computation that depends on the couplings and moduli is the zero mode contribution of the three fields (γ, γ, y) in (4.3). To decouple them, we introduce the auxiliary complex parameter χ, and
Note that here χ is not a worldsheet field, and the integral over it is a regular (complex)
Gaussian integral. This is related to the fact that for the zero modes, all the derivatives of fields in (4.3), (4.5), are independent of z. They do depend on (m i , w i ) (3.5), (4.2), and as mentioned above, one needs to sum exp(−S) over all the saddle points (see appendix A).
It is convenient to rewrite (4.5) as
(4.6)
The first line of (4.6) is a universal expression, which depends on the couplings and the moduli of the worldsheet and target space tori, but not on the particular CFT that is being deformed. The dependence on the CFT comes from the second line of (4.6). It gives rise to the partition sum of the undeformed CFT with chemical potentials for U (1) R and U (1) L proportional to χ and χ, respectively.
Indeed, comparing the second line of (4.6) to (A.14), we see that the path integral over y gives rise in this case to the partition sum Z inv (τ, τ, χ, χ) defined in (A.7), (A.11), (A.13) (with κ = 1, the appropriate value for this case). Putting this together with the first line, which is evaluated as in section 3, we have
Recall that, as in section 3, to evaluate (4.7), (4.8), we need to plug (3.5) into them and perform the sum over (m 1 , m 2 ; w 1 , w 2 ), subject to the constraint N = 1 (3.10).
Since the integral (4.7) is modular invariant, we can trade it for an integral over the upper half plane, while restricting the sum over (m i , w i ) to the single value (3.13). For this case, one has
Plugging (4.9) into (4.7), (4.8), we find the final result
Equations (4.10) and (4.11) are one of the main results of this paper. One can perform a number of checks on them.
(1) It is straightforward to verify that the partition sum is modular invariant, with the couplings transforming as expected
For ǫ ± → 0, (4.12) reduces to (3.19) .
(2) One can read off from them the spectrum of the theory, as in section 3. One finds
where 14) which matches the result in equation (5.31) -(5.33) of [7] upon rescaling λ = λ CGK /4,
, and q R = q CGK R
. Note that this matching must hold by construction, due to the fact that in the string theory examples it must work, and the universality of the spectrum discussed in section 1.
(3) The condition A < 0 that was shown in [7] to be necessary and sufficient for the spectrum of the deformed CFT to be sensible, and the dual geometry (4) One can take various limits, such as ǫ ± → 0, which gives back the T T deformed CFT (3.14), since the χ integral localizes to χ = 0 in that case. Similarly, the limit λ, ǫ − → 0 gives rise to JT deformed CFT.
Discussion
In this paper we computed the partition sum of a general CF T 2 with holomorphic and anti-holomorphic conserved currents, J and J respectively, perturbed by a general combination of T T , JT and T J, (2.7). To perform this calculation, we used a technique based on holography, that has been used before to determine the spectra of these theories.
Our result, equations (4.10), (4.11), gives the partition sum as an integral transform of the unperturbed CFT. It transforms in the right way (4.12) under modular transformations, and reproduces the spectrum (4.13), (4.14) obtained before using the same technique.
One of the main points of this paper, in addition to the detailed results (4.10), (4.11) is that to obtain new insights into the deformed CFT's (2.7), it is useful to systematically follow the approach to these theories introduced in [14, 15] and followed in later papers.
In this approach one uses the large class of examples provided by long strings in AdS 3
and their dual CF T 2 (2.2), together with the universality discussed in [8, 12] , to obtain properties of any deformed CFT of the form (2.7). It is interesting to follow this logic further. Some examples that one can apply this approach to are the following [13] .
Our results for the partition sum, (3.14) for the T T case and (4.10) for the general case, were obtained by starting with expressions like (3.7) for the T T case, and its analog for the general case, and restricting the sum to N = 1 (3.10). In the string theory context, this is very natural, as explained in sections 2, 3. It corresponds to the fact that the full CFT we are deforming is a symmetric product (2.2), and the perturbation acts on the building block of this symmetric product. Presumably, summing over all (m i , w i ) in (3.7)
should give the partition sum of the full symmetric product of deformed CFT's. It is interesting to make this precise, and generalize it to an arbitrary symmetric product CFT.
Another interesting generalization suggested by the string theory construction is to systems that contain multiple U (1) symmetries. In string theory this gives rise to Narain compactifications (see e.g. [19] ), and the associated SO(d, d; Z) T-duality symmetries [20] .
In our context the string construction provides a unification between the base space torus (1.1) -(1.4), and the internal U (1)'s, and some non-trivial relations that follow from the underlying stringy symmetries. Via universality, these relations must hold for an arbitrary deformed CFT (2.7).
In the discussion of this paper, we restricted attention to the partition sum of the deformed CFT without chemical potentials for the U (1)'s. It would be interesting to generalize the results to the case with chemical potentials, and to compare to the results of [12] for JT deformed CFT. This would also eliminate the asymmetry between the undeformed and deformed theories in (4.10), where the former has chemical potentials turned on, while the latter does not. The string theory point of view of this and earlier papers is well suited for constructing this generalization [13] .
where n, w are integers, the momentum and winding of a state, respectively.
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The partition sum with chemical potentials for p L , p R is defined by
where c is the central charge of the CFT. For the case of a single scalar field we have c = 1.
The partition sum Z cft (A.7) can be computed following standard textbook treatments, such as the one leading to (8.2.9) of [19] . Using the fact that 8) where N, N are the left and right-moving oscillator levels, one finds To study the transformation properties of (A.9) under the modular group, it is convenient to Poisson resum it in the variable n. Using (8.2.10) of [19] , we find (A.14)
The terms proportional to ν and ν in (A.14) receive contributions only from the zero modes of the field y. Plugging (4.2) in (A.14), integrating L over the torus, and summing over all (m, w) (called (m 3 , w 3 ) in (4.2)) gives precisely the expression (A.10), (A.11) for Z inv .
